Abstract. Given smooth manifolds V n and M m , an integer k, and an immersion f : V M , we have constructed an obstruction for existence of regular homotopy of f to an immersion f ′ : V M without k-fold points. This obstruction takes values in certain framed bordism group, and for (k + 1)(n + 1) ≤ km turns out to be complete. It has the following corollaries.
Introduction
In this paper all spaces will be assumed to be connected. Let V n and M m be smooth manifolds without boundary, and V n be compact. We will call an immersion V M by k-immersion, if it has no k-to-1 points. Then 2-immersions V M are exactly embeddings V ֒→ M . Consider the following question. Given manifolds V n , M m and integer k, do they admit a k-immersion V M ? Note that if (k + 1)n < km, then any generic immersion V M is a (k + 1)-immersion. Hirsch [Hirsch] proved that regular homotopy classes of immersions V M are in 1-to-1 correspondence with classes of linear monomorphisms of tangent bundles of τ V → τ M . So, the natural problem would be to find out if a given regular homotopy class of immersions V n M m contains a k-immersion, provided (k + 1)n < km.
For the case k = 2, under a little bit stronger restrictions 3(n + 1) ≤ 2m, Haefliger [Hae] gave complete answer whenever it is possible. Haefliger's method generalizes the original purely geometric idea of Whitney [Wh] of eliminating double points of immersion. A decade later, in 1974, Hatcher and Quinn [HQ] rewrote the the Haefiger's reasonings in the "right" language of obstruction theory. This drastically shortened the proof and made it more understandable. In 1982 Szucs [Sz 82] gave a new proof the Haefliger's theorem in the special case M m = R m using the ideas of theory of singularities. Szucs informed us that in 1980's he was trying to apply his method to the case k = 3, but he didn't succeed. In the present paper we generalize the ideas from [HQ] and in the range (k + 1)(n + 1) ≤ km give the complete answer whenever a given regular homotopy class of immersions V n M m contains a k-immersion. For any generic immersion f : V n M m , the set of k-fold points of this immersion is itself an image of a smooth manifold. For some reasons, we will denote this manifold by ⋔(k, f )/Σ k . Given a homotopy class of maps V n → M m , we will construct a space E k ⋊ Σ k EΣ k with a vector bundle ξ over it. If the immersion f lies in this homotopy class, then there exists a natural map j : ⋔(k, f )/Σ k → E k ⋊ Σ k EΣ k such that j * ξ is stably equivalent to the stable normal bundle ν ⋔(k,f )/Σ k . Then for regularly homotopic immersions, the pairs (⋔(k, f )/Σ k , j) define the same element in the framed bordism group Ω = Ω f r kn−(k−1)m (E k ⋊ Σ k EΣ k ; ξ) (see Theorem 3.2). If (k + 1)(n + 1) ≤ km, then the converse is true (see Theorem 3.3). Namely, if N is another kn−(k−1)m-dimensional compact manifold without boundary, such that there exists a map γ : N → E k ⋊ Σ k EΣ k with γ * ξ ≃ ν N , which defines the same element of the group Ω, then there exists an immersion f ′ , regularly homotopic to f such that ⋔(k, f ′ )/Σ k = N . This criterion has several corollaries.
Corollary 1.1. Let V n and M m be smooth manifolds without boundary, V n is compact and (kn
m is (kn − (k − 1)m + 1)-connected, (k + 1)(n + 1) ≤ km, and kn − (k − 1)m ∈ {4, 5, 12}. Then any immersion f : V M is regularly homotopic to a k-immersion.
The mysterious numbers {4, 5, 12} here are just the only known dimensions, in which the stable homotopy groups of spheres vanish [Toda] . Note that this corollary is a new result even for the "Haefliger's" case k = 2.
A map f : V → M is called a "topological immersion", if for any point x ∈ V there exists an open neighborhood U x ∋ x such that for any y 1 = y 2 ∈ U x we have f (y 1 ) = f (y 2 ). Corollary 1.2. Let V n , M m be smooth manifolds without boundary, V n be compact, f : V M be an immersion, and (k + 1)(n + 1) ≤ km. Then f is regularly homotopic to a k-immersion iff there exists a "regular homotopy" of f through topological immersions to a topological k-immersion. Corollary 1.3. Let V n be a smooth compact (kn − (k − 1)m)-connected manifold without boundary, immersible to R m , (k + 1)(n + 1) ≤ km, and kn − (k − 1)m > 0. Then there exists a k-immersion of s-fold connected sum manifold sV n R m , where s is the order of the (kn − (k − 1)m)-th stable homotopy group of spheres.
In the section 2 we consider a variation of the main problem. Namely, we try to figure out whenever immersions of k different manifolds f 1 : V 1 M, . . . , f k : V k M can be regulary homotoped to immersions without common intersection. It turns out that under some resonable dimension restrictions this is the case if and only if f 1 , . . . , f k can be continuously homotoped to continuos maps with non-intersecting images. Although this result (Theorems 2.1 and 2.2) seems to be stronger, its proof is a partial case of the solution of the main problem for single immersion. This general case is considered in the next sections.
Simple case: mutual intersections of k manifolds
Let T be (k−1)-dimensional simplex, σ 1 , . . . , σ k be its vertices and σ be its barycenter. For any CW -complices V 1 , V 2 , . . . , V k , M and continuous maps f 1 :
Then there are obvious projections π i : E → V i and π : E → {θ : T → M }. The map Φ : E × T → M , defined by (e, t) → π(e)(t), where e ∈ E and t ∈ T , makes the diagram below homotopy commutative E π1 v v n n n n n n n n n n n n n n n
The space E is universal in the following sense. If we are given a CW -complex X, maps h i : X → V i , and a homotopy H : X ×T → M such that H(·, σ i ) = f i h i (which connects all f i h i with some map H(·, σ)), then there is a unique map j : X → E such that H(x, t) = Φ(j(x), t), which is defined by j(x) = (h 1 (x), . . . , h k (x), H(x, ·)).
2.1. Framed bordism. From now, suppose all V i and M are smooth C ∞ manifolds without boundary and V i are compact. Denote by ν Vi the stable normal bundles over V i , and by τ M (k) the tangent bundle over the k-fold product manifold M (k) . Over E, consider the bundle
Define the bordism group Ω f r * (E; ξ) as the set of mappings of manifolds γ : N → E such that the pull-back γ * ξ is stably isomorphic to ν N , with natural equivalence relation. Note that this group depends only on the homotopy classes of f 1 , . . . , f k .
Denote by ∆
. . k are smooth maps and
is also compact. Note that the notion for maps f 1 , . . . , f k to be transversal is generic, and any kit of maps f 1 , . . . , f k can be approximated by a transversal one.
Theorem 2.1. Suppose V 1 , . . . , V k , M are smooth C ∞ manifolds without boundary, V 1 , . . . , V k are compact, and the maps f i :
. This element depends only on the homotopy classes of f 1 , . . . , f k . Proof. There are obvious projections h i : ⋔(f 1 , . . . , f k ) → V i such that all f i h i are connected by constant homotopy. By universal property of E(f 1 , . . . , f k ), there is a canonical map j :
we have a kit of homotopies f 1,t , . . . , f k,t , t ∈ [0, 1], such that the kits f 1,0 , . . . , f k,0 and f 1,1 , . . . , f k,1 are transversal. Then it can be approximated by a new one such that
and is left fixed on both ends t = 0, 1 (where we already have transversality). Let the manifold
] the projection on the last factor. Here we again have obvious pro-
where T 1 is the 1-dimensional subcomplex of T , consisting of vertices σ, σ 1 , . . . , σ k and straight intervals σσ 1 , . . . , σσ k . Since T 1 is a deformation retract of T , we can extend H to a homotopy H : W × T → M . By universal property of E, this gives a canonical map J : 
Immersions and regular homotopies. From now, suppose all
Proof. First, make a small regular perturbation of the immersions f 1 , . . . , f k to put them into general position. By Theorem 2.1 it will not change the class [⋔(f 1 , . . . , f k )] ∈ Ω f r p (E; ξ). Since 2p < n i < m for all i = 1 . . . k, by general position we may assume that ⋔(f 1 , . . . , f k ) is embedded into each V i and into M . Since n i < m − p, we have 2n i − m + (n 1 + · · · + n i + · · · + n k − (k − 2)m) < m. for all i = 1 . . . k. This means that by general position we may assume the
Since for all i = 1 . . . k we have 2(p + 1)
Again, applying general position argument, we may C 0 -perturb the map H : W × T → M (leaving it fixed on ⋔(f 1 , . . . , f k )×T ) such that H| W ×σi will be smooth embeddings W ×σ i ֒→ f i (V i ), disjoint from self-intersections of f i : V i M , and intersections with over V j , distinct from ⋔(f 1 , . . . , f k ). Finally, since 2(p + k) < m and n i < m − p − k for all i = 1 . . . k, we have 2 dim(W × T ) < dim(M ) and dim(W × T ) + dim(V i ) < dim(M ). This means that by general position we can C 0 -perturb the map H (leaving it fixed on ⋔(f 1 , . . . , f k ) × T and W × σ i ) such that H : (W − ⋔(f 1 , . . . , f k )) × T ֒→ M will be a smooth embedding with
Denote by W + and T + open manifold without boundary, which are obtained from W and T by attaching a small collar neighborhood of the boundary. Since W × T is a deformation retract of W + × T + , we can extend H an embedding H :
֒→ M such that for this extended H we still have H| W + ×σi -a smooth embedding into f i (V i ), disjoint from self-intersections of f i (V i ), and
Now we will identify W with its image under the map H(·, σ). Over W , consider vector bundles
Therefore for each i = 1 . . . k there exists a bundle η i over W such that ξ i = η i ⊕ ε, where ε is the trivial 1-dimensional bundle. Thus,
For i = 1 . . . k, denote by δ i the barycenter of the face, opposite to σ i in the simplex T . Denote byε i the trivial 1-dimensional bundle over W × σ in W × T , tangent to the line σ i σδ i ⊂ T , and by ε i = dH(ε i ). Note that allε i together are linearly dependent, but any k − 1 of them form a basis in ν(
where ε ⊥ i (ε 1 ⊕ · · · ⊕ ε k ) means the orthogonal complement to ε i inside ε 1 ⊕ · · · ⊕ ε k . By construction, the common intersection of χ i over H(W × σ) is empty. Obviously, χ i can be extended onto H(W + × σ i σδ i ) in such a way that over (w, ϕ(w) ). Choose a small tubular neighborhood U i of W + in V i . This neighborhood is diffeomorphic to a neighborhood of the zero section of χ i | H(W + ×σi) . Let κ : R → R be a smooth bell-shaped function such that κ(0) = 1 and κ( v ) = 0 for any vector v outside this neighborhood. Then our regular homotopy from f i to f ′ i will be given by (w, ϕ(w), v) → (w, ϕ(w) − tψ(w)κ( v ), v), t ∈ [0, 1] for points in U i and constant outside U i . Since the common intersection of all χ i over H(W × σ) is empty, at the last moment we will get exactly ⋔(f
General case: k-fold self-intersections
Let V and M be CW -complices and f : V → M be a continuous map. The group Σ k of permutations on k elements acts on the (k − 1)-simplex T linearly, permuting its vertices σ 1 , . . . , σ k . Note that the only fixed point for this action is the barycenter σ of T . Consider the space
Define the action of element g ∈ Σ k on E k by the formula g(x 1 , . . . , x k , θ) = (x g −1 (1) , . . . , x g −1 (k) , θ • g −1 ). Define the projections π i : E k → V and π : E k → {θ : T → M } by the formulas π i (x 1 , . . . , x k , θ) = x i and π(x 1 , . . . , x k , θ) = θ. It is easy to see, the map Φ : E k × T → M , defined by (e, t) → π(e)(t), is Σ k -equivariant with respect to the diagonal Σ k -action on E k × T and trivial Σ k -action on M .
The space E k is universal in the following sense. Denote the elements, on which Σ k acts, by numbers 1 . . . k in arbitrary way. For any CW -complex X with a free Σ k -action denote by X i the quotion space X/Σ k−1 (g(x) ). So, for any g ∈ Σ k the map g : X i → X g(i) is well-defined, and it is identity if g = 1 ∈ Σ k .
v v n n n n n n n n n n n n n n n n
Suppose, we are given the following data:
• a space X with a free Σ k -action
Then there is a unique Σ k -equivariant map j : ·) ). Now, to be completely precise, we need to get rid of the ambiguity of the choice of numeration of elements, on which Σ k acts. Clearly, the the map j for another numeration, which differs by a permutation g ∈ Σ k from the original one, will be j • g. So, all the information about X (Σ k -action, h, h i and H) is actually equivalent to the orbit of the Σ k -action on the set of Σ k -equivariant maps j : X → E k , where g(j) = g • j for g ∈ Σ k .
Unfortunately, the Σ k -action on E k is not free. This can be cured as follows. Let BΣ k be classifying space for Σ k let EΣ k be its universal covering space. The natural Σ k -action on EΣ k is free. Therefore the diagonal Σ k -action on E k × EΣ k is also free. Denote by E k ⋊ Σ k EΣ k the corresponding quotion space. Denote by
Since EΣ k is acyclic, the set of Σ k -equivariant maps s : X → EΣ k is non-empty and is acyclic too. So, any Σ k -orbit of Σ k -equivariant maps j : X → E k defines a homotopy class of maps (j × s)
Note that Φ(g(e), σ) = Φ(e, σ) for any g ∈ Σ k . Therefore the map φ :
3.1. Equivariant framed bordism. From now, suppose V and M are smooth C ∞ manifolds without boundary and V is compact. Denote by ν V the stable normal bundle over V . Denote by π e : E k × EΣ k → E k the projection on the first factor. Other E k × EΣ k , consider the bundleξ = π * (k) and M (k) by diffeomorphisms, it also acts on the total spaces of bundles ν V (k) and τ M (k) . Since π e , π 1 × · · ·× π k and f π 1 × · · ·× f π k are Σ k -equivariant maps, there is a natural Σ k -action on the total space ofξ. Since Σ k acts freely on the base ofξ, the bundleξ/Σ k other
as the set of all mappings of manifolds γ : N → E k ⋊ Σ k EΣ k such that the pull-back γ * ξ is stably isomorphic to ν N , with natural equivalence relation. Note that this group depends only on the homotopy class of f .
V , then we say "the map f is k-transversal", and denote the manifold (f
Since V is compact and ⋔(k, f ) is disjoint from ∆ 2 V , the manifold ⋔(k, f ) is also compact. Note that any k-transversal map is a topological immersion.
Proposition 3.1. Suppose V, M are smooth C ∞ manifolds without boundary, V is compact, and f : V → M is a k-transversal map. Then the manifold ⋔(k, f ) determines a framed bordism class
Theorem 3.2. Suppose V, M are smooth C ∞ manifolds without boundary, V is compact, the maps f 0 : V → M and f 1 : V → M are k-transversal, and f t : V → M is a topological regular homotopy for
From now, suppose f : V M is a smooth immersion. Then
m be smooth C ∞ manifolds without boundary, and V is compact. Let f : V M be a k-transversal immersion. Suppose (k + 1)(n + 1) ≤ km. Let N p , where p = kn − (k − 1)m, be a smooth compact manifold such that there exists a map γ :
. Then there exists a regular homotopy of the immersion f to a k-transversal immersion
is p-th stable homotopy group of spheres.
Proof of Corollary 1.1. follows easily from Proposition 3.4 and Theorem 3.3. We need only to note that the p-th stable homotopy group of spheres π S p vanishes [Toda] for p ∈ {4, 5, 12}. Calculations [Toda, Koch] show that there are no other zeros among π 
Proofs
Proof of Proposition 3.1.
with the preimage of Σ k -equivariant map f (k) :
, it is invariant under the natural Σ k -action on V (k) . Since the Σ k -action on V (k) − ∆ 2 V is free, its restriction on ⋔(k, f ) is also free. Denote byh i : ⋔(k, f ) → V the restriction of the projection V (k) → V on the i-th factor. Obviously, this map is a composite h i π ′ i for a uniquely determined h i : ⋔(k, f ) i → V . Then all f h i π ′ i are connected by constant homotopy and determine the map h : ⋔(k, f )/Σ k → M . By universal property of E k , this gives us a canonical Σ k -orbit of Σ k -equivariant maps j : ⋔(k, f ) → E k , or, equivalently, a homotopy class of maps ⋔(k, f )/Σ k → E k ⋊ Σ k EΣ k , homotopic to (j × s)/ Σ k for some Σ k -equivariant map s : ⋔(k, f ) → EΣ k .
By construction of ⋔(k, f ), the normal bundle ν(⋔(k, f ),
